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$S^{1}$ 3 $M$ $K$ : $S^{1}arrow M$ $K(S^{1})$
. $n$ 3 $M$ $L$ : $S^{1}$ . .. $S^{1}arrow M$
$L$ ( $S^{1}$ . . . $S^{1}$ ) ( $n$ ) . 2 $L_{1},$ $L_{2}$ $\gamma_{J}1$ ,
$L_{2}\}$ $S^{3}$ (ambient isotopic) . $L_{1}=L_{2}$ .
$D^{2}$ 2 $\varphi$ : $D^{2}arrow D^{2}$ $\Phi=\{\varphi_{t}\}_{0\leq t\leq 1}$
, $D^{2}$ $id_{D^{2}}$ $\varphi$ (i.e., $\varphi_{0=id_{D^{2}}},$ $\varphi_{1}=\varphi$)
$\varphi$ ( $\varphi$- ) $P$ $S_{\Phi}P\subset D^{2}\cross S^{1}(\cong$
$D^{2}\cross I/(x, \mathrm{O})\sim(x, 1))$
$s_{\Phi}P= \bigcup_{0\leq t\leq 1}(\varphi_{t}(P)\mathrm{X}\{_{t}\})/(x, 0)\sim(x, 1)$ .
$\overline{V}=D^{2}\cross S^{1},$ $V$ $S^{3}$ ( , $V$
core circle $S^{3}$ ). $\tilde{V}$ $V$
$h_{n}$ : $\overline{V}arrow V(n\in \mathrm{Z})$ .




$n\in \mathrm{Z}$ $h_{n}(s_{\Phi}P^{)}$ $S^{3}$
Definition 1.1. $\varphi,$ $\Phi$ $\varphi$ ( $\Phi$ )
$rr\iota\in \mathrm{z}$











([1; Theorem Al) $\varphi$ $0$ $\Phi$
$m$ $(-\text{ })$ $P$ $h_{m}(S_{\Phi}P)$ iterated torus knot
$H$
1.2
Theorem 13 ([7]). $H:D^{2}arrow D^{2}$ Smale horseshoe ( 1.2)
$\bullet$ $H$ 2 $H^{2}$
$\bullet$ $H^{n}(n\geq 3)$
Theorem 14([6]). $\varphi$ : $D^{2}arrow D^{2}$ $C^{1}$ $\varphi$
$p$ $W^{u}(p;\varphi)\cap W^{s}(p;\varphi)\backslash \{p\}\neq\emptyset$ $W^{u}(p;\varphi)$ $W^{s}(p;\varphi)$
$n\in \mathrm{N}$ $\varphi^{n}$
$D^{2}$
$n$ $A_{n}$ , $\text{ }$ pseudo-Anosov
$\varphi$ : $(D^{2}, A_{n})arrow(D^{2}, A_{n})$ relative to $A_{n}$ , pseudo-
Anosov $\psi$ : $(D^{2}, A_{n})arrow(D^{2}, A_{n})$ relative to $A_{n}$ .
Theorem A([8]). $\varphi$ : $D^{2}arrow D^{2}$ . $\varphi$ 3
$A_{3}$ , pseudo-Anosov relative to $A_{3}$ , $\varphi$ .
Theorem $\mathrm{B}([8])$ . $\psi\in Aut+(D^{2}, A_{5})$ pseudo-Anosov relative to As . $\psi\in$




$M$ $A$ $M\backslash \partial M$
Theorem 2.1.1 (Thurston). $f\in Aut(M, A)$ . $f$
$\varphi\in Aut(M, A)$ isotopic
$\bullet$ $\varphi|\mathrm{h}$ reducible (relative to $A$).
$\bullet$ $\varphi\ovalbox{\tt\small REJECT}\mathrm{h}$ finite order.
$\bullet$
$\varphi$ } $\mathrm{h}$ pseudo-Anosov (relative to $A$).
$f\in Aut(M, A)$ $[f]$ $\mathrm{p}\mathrm{s}\mathrm{e}\mathrm{u}\mathrm{d}_{\mathrm{G}}\mathrm{A}\mathrm{n}\mathrm{o}\mathrm{s}\mathrm{o}\mathrm{V}$ $[f]$ pseudo-
Anosov $\varphi$ : $(M, A)arrow(M, A)$ relative to $A$ finite order, reducible
. .
$D^{2}$
$n$ $\{a_{r}=(2r/(n+1)-1, \mathrm{o})|1\leq r\leq n\}$ $A_{n}$ $(D^{2}, A_{n})$
$MCG_{n}$ $B_{n}$ $n$- $Z(B_{n})$ 2 $MCG_{n}$
$B_{n}/Z(B_{n})$ $m$ : $MCG_{n}arrow B_{n}/Z(B_{n})$
$\omega\in MCG_{n}$ $f\in Aut_{+}(D^{2}, A_{n})$ $f\in\omega$ $D^{2}$
$\{f_{t}\}0\leq t\leq 1(fo=id_{D^{2}}, f1=f)$ $n$-
$( \bigcup_{0\leq t\leq 1}(ft(a_{1}))\cross\{t\})$
.
$\cup\cdots\cup$
$( \cup(f_{t}(a_{n}))\langle\{t\})$ $\beta$ $m(\omega)=\beta Z(Bn)$ . $m$
$0\leq t\leq 1$
$m(\omega)=\beta Z(Bn)$ , $m$ $\omega=\beta Z(B_{n})$ .
2.2 $MCG_{3}$







3- $B_{3}$ . $\triangle=\sigma_{1}\sigma_{2}\sigma_{1}$ $\Delta^{2}$ $B_{3}$
$Z(B_{3})$ . $B_{3}$ $\Omega_{i}$
111
$\bullet\Omega_{0}=\{\Delta^{2n}|n=0, \pm 1, \cdots\}$ .
$\bullet\Omega_{1}=\{\Delta^{2n}\sigma_{1}\sigma_{2}|n=0, \pm 1, \cdot . \}$ .
$\bullet\Omega_{2}=\{\Delta 2n(\sigma 1\sigma_{2}.)2|n=0, \pm 1, \cdots.\}$. $\cdot$ .
$\bullet\Omega_{3}=\{\Delta 2n+1|n=0, \pm 1, \cdots\}$ .
$\bullet\Omega_{4}=\{\Delta^{2}n\sigma_{1}p|p>0, n=0, \pm 1, \cdots\}$ .
$\bullet\Omega_{5}=\{\Delta^{2n}\sigma_{2}^{-}q|q>0, n=0, \pm 1, \cdots\}$ .
$\bullet\Omega\epsilon=\{\Delta^{2}n\sigma_{1}^{p-q}\sigma_{2}\sigma_{12}\sigma-q2\ldots, \sigma 1\sigma 11\mathrm{P}2p\mathrm{f}-2q_{f}|_{Pi,q_{i}}>0, n=0, \pm 1, \cdots\}$.
Theorem 221([9; Proposition 21]). $B_{3}$ $\Omega_{i}$ –








$\bullet\tilde{\Omega}_{6}=\{\sigma_{12}\sigma-q1\sigma 1\sigma 2-q_{2}\ldots\sigma_{12}\sigma^{-}z\mathrm{P}1p_{2}\mathrm{p}fq,(B_{3})|p_{i}, q_{i}>0\}$ .
Remark 22.3. $f\in Aut_{+}(D2, A_{3})$ , $f$ $[f]$ $\text{ }$ . Corollary
222
$\bullet$ $[f]$ finite order $\Leftrightarrow[f]$ $\bigcup_{i=0}^{3}\tilde{\Omega}i$
$\bullet$ $[f]$ reducible $\Leftrightarrow[f]$ $\tilde{\Omega}_{4}\cup\tilde{\Omega}_{5}$
$\bullet$ $[f]$ pseudo-Anosov $\Leftrightarrow[f]$ $\tilde{\Omega}_{6}$
2.3 Templates
Template branched 2-manifold
joining chart splitting chart
( [3; Section 2.2])
3 $M$ template $\mathcal{T}$ $M$
$S^{3}$ template $\mathcal{T}$ universal $S^{3}$
$L$ $\mathcal{T}$ $P_{L}$ $L=P_{L}$
Lorenz-like template $\mathcal{L}(0, n)(n<0)$ universal R. Ghrist
([2]) lemma , $\mathcal{V},$ $\mathcal{W}$ subtemplate , $\mathcal{L}(0, n)(n<0)$
112
Lemma 2.3.1. (1) ([4; Theorem 4.3]) $\text{ _{}2.3.1}^{\backslash }\backslash (\mathrm{a})U)$ template $\mathcal{V}\subset S^{3}$ }$\mathrm{h}$ universal.
(2) ([7]) $\text{ ^{}\backslash }2.3.1(\mathrm{b})q)$ template $\mathcal{W}\subset S^{3}|\mathrm{h}$ universal.
23.1 (a) $\mathcal{V}$ 2.3.1 (b) $\mathcal{W}$
n- $b\subset S^{3}$ positive (negative) , $b$ positive (negative)
( 232 $(\mathrm{a})$ ) $\cdot b$ – $S^{3}$ $\wedge b$







$V\subset S^{3}$ template $\mathcal{T}$ braided $\mathcal{T}$ $P$
$P$ $V$ meridian disc $D^{2}\cross\{\theta\}$ Braided
template $\mathcal{T}$ positive (negative) $\mathcal{T}$ $P$
closed positive braid (closed negative braid)
Remark 2.3.2. Closed positive braid closed negative braid $K$
(e.g. 8 ) ([10]). $K$ positive template negative





$\bullet$ template half twist strip .
$\bullet$ strip half twist
.
$\bullet$ strip branch line
.
template normal form 233(a) template $\mathcal{U}^{0}$ ,
233 (b) normal form .
2.3.3 (a) $\mathcal{U}^{0}$ 2.3.3 (b)
3 Theorem A
$\varphi$ : $(M, A)arrow(M, A)$ pseudo-Anosov relative to $A$ $\varphi$
pseudo-Anosov $\psi$ : $(M, A)arrow(M, A)$ relative to $A$ $\varphi$ $\psi$ (relative to
$A)$ . $D^{2}$ $f$ $g$
.
$\Leftrightarrow g$ .
Remark 223 , Theorem A
Proposition 3.1. $\varphi$ : $D^{2}arrow D^{2}$ $\varphi$ 3







$T_{1}$ , $B_{1},$ $T_{2},$ $B_{2},\tau 3$ 31 . ($A_{3}$ $a_{r}$
$\ovalbox{\tt\small REJECT}$ , $B_{s}$ $T_{s},$ $T_{s+1}$ ) $B=B_{1}\cup B_{2}$ ,
$T=T_{1^{\cup}}\tau_{2^{\cup}}\tau_{3}$ . $\theta_{k}\in Aut+(D^{2}, A3)(k\in\{1,2\})$ .
$\bullet$ $B\cup T$ $\theta_{1}(\theta_{2})$ 32(a) ( 32 $(\mathrm{b})$ ) .
$\bullet$ $\theta_{k}|_{B}:(i=1,2)$ , – , – .
$\bullet$ $\theta_{k}|\tau$ .




, $p_{1},$ $q1,$ $\cdots,p_{\mathrm{r}},$ $qr\in \mathrm{N}$
$[\theta_{21}^{q_{r}}\circ\theta p_{\mathrm{r}}\mathrm{o}\mathrm{o}\cdots\theta 2\circ q1\theta_{1}^{\mathrm{p}}1]=\sigma 1\sigma 2\ldots\sigma 1\sigma_{2}^{-}Zqf(p1-q_{1p}fB_{3})$ .
, $A_{3}$ $\theta^{q_{f}}20\theta^{p_{\gamma}}10\cdots 0\theta 20\theta_{1}q1p1$ 3 $p_{1},$ $q_{1},$ $\cdots,pr’ q_{r}\in$
$\mathrm{N}$ , , $\theta_{212}^{q_{r}}0\theta p_{\mathrm{r}_{\circ\cdots\circ}}\theta^{q1}\circ\theta_{1}^{p1}$ $\theta(p_{1}, q_{1,\cdots,p_{r}},qr)$ .
Lemma 3.2. $\theta=\theta(P1, q_{1,\cdots,p_{r}}, qr)$ , , $r,$ $s\in\{1,2\}$
$k\in \mathrm{N}$ , $(D^{2}, A_{3})$ 7 , $B_{s}$ vertical






$\theta$ , $\varphi\in[\theta]$ pseudo-Anosov relative to $A_{3}$
, $\theta$ ,




Outhne of proof of Proposition 3.1. $(*)$ , $\theta=\theta(P1,q_{1p_{r}}, \cdots,, qr)$
.
$\Lambda=\bigcap_{n\in \mathrm{z}}\theta^{n}(B1\cup B_{2})$
$id_{D^{2}}$ $\theta$ $D^{2}$ $\ominus$
. , $m\in \mathrm{Z}$ , Lemma 23.1 $\mathcal{V}$ $\mathcal{W}$ $S^{3}$
template $\mathcal{T}\subset S^{3}$
{$L|L$ $\mathcal{T}$ }
$\subset$ { $h_{m}(S\mathrm{e}P)|P\subset\Lambda$ , $P$ $\theta$ }
. Lemma 231 $\mathcal{T}$ universal . $\theta$
. $\square$
4 Theorem $\mathrm{B}$
$D^{2}$ $T_{i}$ $(1\leq i\leq 5),$ $B_{j}(1\leq j\leq 4)$ 41(a) .
$\text{ }4..1(\mathrm{a})$ 4.1(b)
$B=\cup B_{i}i=15,$ $T=\cup^{4}j=1T_{j}$ . $\eta\in Aut_{+}(D^{2}, A5)$ .
$\bullet$ $B\cup T$
$\eta$ 41(b) .




$D^{2}\backslash (B\cup T)$ .
$\eta\in Aut_{+}(D^{2}, A_{5})$
$[\eta.]$
$\sigma_{3}\sigma_{2}\sigma_{4}\sigma_{3}\sigma_{2}\sigma 1z(B5)$ , $[\eta]$ pseudo-
Anosov .
$i$ ’ ..
Lemma 4.1 ([5; Section 6]). $\eta$ , , $r,$ $s\in\{1,2,3,4\}$
$k\in \mathrm{N}$ , $(D^{2}, A_{3})$ ’–7 , $B_{s}$ vertical
line – $B_{r}$ horizontal line – $\eta^{k}$
116
.$-\llcorner U)$ lemma X $\text{ }\psi\in[\eta]f_{X\text{ }}$ pseudo-Anosov $\psi$ : $(D^{2}, A_{5})arrow(D^{2},A_{5})$ relative to $A_{5}[]_{\mathfrak{l}}^{}-*\backslash 1$
, .
$(*)\psi$ $\Leftrightarrow\eta$ .
Theorem $\mathrm{B}$ Proposition 42
Proposition 4.2. $\eta$
Proof. $\Lambda=\bigcap_{\mathrm{z}n\in}\eta^{n}(B_{1}\cup\cdots\cup B_{4})$ $D^{2}$ $\Psi=\{\eta t\}0\leq t\leq 1(\eta 0=id_{D^{2}}$ ,





$\eta$ A , $\mathcal{R}=\{\Lambda\cap B_{i}|i\in\{1,2,3,4\}\}$ A
, template $\mathcal{U}^{0}\subset S^{3}$ ( 2 $3.3(\mathrm{a})$ ) .
{ $h\mathrm{o}(S_{\Psi}P)|P\subset\Lambda$ , $P$ $\eta$ }
$=$ { $L|L$ $\mathcal{U}^{0}$ }.
$\mathcal{U}^{0}\subset S3$ m-full twists $(m\in \mathrm{Z})$ template $\mathcal{U}^{m}\subset S^{3}$ .
. : ; .. $\cdot$ . . . $\cdot$ : ..
{ $h_{m}(S_{\Psi}P)|P\subset\Lambda$ , $P$ $\eta$ }
$=$ { $L|L$ $\mathcal{U}^{m}$ }.
117
, $\mathcal{U}^{m}(m\in \mathrm{Z})$ universal . $\mathcal{U}^{0}$ positive template (
2 $3.3(\mathrm{a}))$ . , $\mathcal{U}^{m}(m>0)$ positive template .
$\mathcal{U}^{-1}$ ( $4.3(\mathrm{a})$ ). $\mathcal{U}^{-1}$ $S^{3}$ $4.3(\mathrm{b})$ negative template
. , $\mathcal{U}^{-1}$ negative . $\mathcal{U}^{m}(m<0)$
negative . Remark 232 $\mathcal{U}^{m}(m\in \mathrm{Z})$ universal .
4.3(a)U-l 4.3(b)
$\eta$ , $\eta$ $A_{5}\cup \mathrm{A}$ . [5; Lemma 5] , 5
$B_{5}\subset \mathrm{A}$ , $m\in \mathrm{Z}$ $h_{m}(s_{\Psi}A_{5})$ $h_{m}(s_{\Psi}B_{5})$
. , $\mathcal{U}^{m}(m\in \mathrm{Z})$ universal $\eta$
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